Abstract. For a finite dimensional simple complex Lie algebra g, Lie bialgebra structures on g [[u]] and g [u] were classified by Montaner, Stolin and Zelmanov. In our paper, we provide an explicit algorithm to produce r-matrices which correspond to Lie bialgebra structures over polynomials.
Introduction
In the recent paper [8] , Montaner, Stolin and Zelmanov discussed the classification of Lie bialgebras and corresponding quantum groups over Taylor series and polynomials. We devote the introduction to giving an overview of the main results in [8] .
1.1. Lie bialgebra structures over Taylor series. Let g denote a finite dimensional simple complex Lie algebra. Consider g [[u] ] the algebra of Taylor series over g. In order to classify Lie bialgebra structures on L := g[ [u] ], one needs some information on the corresponding Drinfeld double. As it is known (see [1] ), any Lie bialgebra structure µ on L induces a Lie algebra structure on the space of restricted functionals L * on L. Moreover, the vector space D µ (L) := L ⊕ L * can be equipped with a unique Lie algebra structure, which extends the brackets on L and L * respectively, and is such that the natural nondegenerate form on D µ (L) is invariant. The Lie algebra D µ (L) is called the Drinfeld double corresponding to µ.
In [8] it was proved that D µ (L) is either a trivial extension of L or has one of the following forms:
I. The Lie algebra g((u)) of Laurent polynomials over g with the nondegenerate symmetric bilinear form Q 1 defined by Q 1 (xf 1 (u), yf 2 (u)) = K(x, y) · T 1 (f 1 (u)f 2 (u)), for any x, y ∈ g, f 1 (u), f 2 (u) ∈ C((u)), where K denotes the Killing form on g and T 1 is given by T 1 (u k ) = 0 for all k ≥ 0, T 1 (u −1 ) = 1 and T 1 (u −k−1 ) = a k , for all k ≥ 1.
II. The Lie algebra g((u)) ⊕ g with the nondegenerate symmetric bilinear form Q 2 defined by Q 2 (x 1 f 1 (u) + x 2 , y 1 f 2 (u) + y 2 ) = K(x 1 , y 1 ) · T 2 (f 1 (u)f 2 (u)) − K(x 2 , y 2 ), for any x 1 , y 1 , x 2 , y 2 ∈ g, f 1 (u), f 2 (u) ∈ C((u)), and T 2 is given by T 2 (u k ) = 0 for all k ≥ 1, T 2 (1) = 1 and T 2 (u −k ) = a k , for all k ≥ 1.
III. The Lie algebra g((u))⊕(g+εg), where ε 2 = 0, with the nondegenerate symmetric bilinear form Q 2 defined by Q 3 (x 1 f 1 (u) + x 2 + εx 3 , y 1 f 2 (u) + y 2 + εy 3 ) = K(x 1 , y 1 ) · T 3 (f 1 (u)f 2 (u)) − K(x 3 , y 2 ) − K(x 2 , y 3 ) − a · K(x 2 , y 2 ), for any x 1 , y 1 , x 2 , y 2 , x 3 , y 3 ∈ g, f 1 (u), f 2 (u) ∈ C((u)), where T 3 (u k ) = 0 for all k ≥ 2, T 3 (u) = 1, T 3 (1) = a and T 3 (u −k ) = a k+1 , for all k ≥ 1.
In each of the above cases, consider
) be the group of infinite series γ = x + γ 2 x 2 + γ 3 x 3 + ..., with respect to substitution. In [8] it was shown that up to an automorphism
, one may suppose that a(u) = 1.
is isomorphic, via γ, to one of the Lie algebras in cases I-III with a(u) = 1.
1.2.
Lie bialgebra structures over polynomials. Let us now focus on the classification of Lie bialgebra structures on g [u] . Denote by δ any such structure. It was shown in [8] that δ can be naturally extended to a Lie bialgebra structureδ on g [[u] ], by lettinḡ . Moreover, there are certain restrictions that have to be imposed on a(u), depending on the case. Case I. Let us suppose that Dδ(L) = g((u)). This implies that there exists a Lagrangian subalgebra W of g((u)), with bracket induced byδ, such that W ⊕ L = g((u)). It was shown that the following properties hold:
(i) W is bounded, i.e., there exists a natural number n such that
] is an order in g((u −1 )). Here we recall that an order in g((u −1 )) is a Lie subalgebra V for which there exist natural numbers k and n such that
(iii) Using the general theory of orders [10] , the authors show that, by means of a gauge transformation
] into a special order denoted by O α , constructed in the following way:
Let h be a Cartan subalgebra of g with the corresponding set of roots R and a choice of simple roots Γ. Denote by g α the root space corresponding to a root α. Let h(R) be the set of all h ∈ h such that α(h) ∈ R for all α ∈ R. Consider the valuation on C((u −1 )) defined by v( k≥n a k u −k ) = n. For any root α and any
Vertices of the above simplex correspond to vertices of the extended Dynkin diagram of g, the correspondence being given by the following rule:
where α i (h j ) = δ ij /k j and k j are given by the relation k j α j = α max . One writes O α instead of O h if α is the root which corresponds to the vertex h and
where α is either a simple root or −α max . Here one makes the remark that for any σ ∈ Aut C[u] (g [u] ), there exists a natural embedding
; hence one can regard σ(u) as acting on g((u −1 )).
is a polynomial of degree at most 2 if k i = 1, and
Case II. Let us supposeδ satisfies the condition Dδ(L) = g((u)) ⊕ g and W is the corresponding Lagrangian subalgebra in the double transversal to L. We first note that any σ(u) ∈ Aut C[u] (g [u] ) induces an automorphism σ(u) of g((u)) ⊕ g defined byσ(u) = σ(u) ⊕ σ(0). Then, similarly to Case I, one can show that there exists
where α is either a simple root or −α max . Moreover the following result holds:
Case III. Let us supposeδ satisfies the condition Dδ(L) = g((u)) ⊕ (g + εg), where ε 2 = 0, and W is the corresponding Lagrangian subalgebra in the double transversal to L.
Any σ(u) ∈ Ad(g [u] ) induces an automorphism σ(0) ∈ Ad(g), which in turn gives an automorphismσ(0) of g + εg defined byσ(0)(x + εy) = σ(0)(x)+ εσ(0)(y). Thenσ(u) = σ(u)⊕σ(0) is an automorphism of g((u))⊕ (g+εg). One can prove that there exists
, where α is either a simple root or −α max . The following result is similar to Theorem 1.2 and 1.3:
Remark 1.5. In [8] it was noticed that, by means of a change of variable in C[u] and rescaling the nondegenerate bilinear form Q, one may assume that a(u) has one of the following forms:
(
Lie bialgebra structures on g[u] in Case I
In this section we will focus on Case I. We first note that the nondegenerate bilinear form on g((u)) is given by the formula
where K is the Killing form of the Lie algebra g((u)) over C((u)).
In [8] the following result was proved:
There exists a one-to-one correspondence between Lie bialgebra structures δ on
) and bounded Lagrangian subalgebras W of g((u)), with respect to the nondegenerate bilinear form Q a(u) , and transversal to
The equality implies that one can choose dual bases in W and g [u] with respect to Q a(u) . The corresponding Lie bialgebra structure δ can be reconstructed starting from W in the following way: let us choose a system of Chevalley-Weyl generators e α , e −α , h α , for all positive roots α, such that K(e α , e −α ) = 1 and h α = [e α , e −α ]. The canonical basis of g[u] is formed by e α u k , e −α u k , h α u k , for all positive roots α and all natural k. Denote these elements by e α,k . Let w α,k be a dual basis in W with respect to the the nondegenerate bilinear form Q a(u) and consider the r-matrix
Proposition 2.3. Suppose that W is a bounded Lagrangian subalgebra of g((u)), with respect to Q a(u) and transversal to
where α is either a simple root or −α max .
On the other hand,
In what follows we will restrict ourselves to the case α = −α max . Let us make the remark that
. Consider also the Lie algebra g ⊕ g, together with the nondegenerate bilinear form
There exists a one-to-one correspondence between Lagrangian subalgebras W of g((u)), with respect to Q a(u) , which are transversal to g [[u] ] and satisfy W ⊆ g[u −1 ], and Lagrangian subalgebras in g ⊕ g, with respect toQ, transversal to diag(g).
The quotient
is a subalgebra of
which can be identified with g ⊕ g. Indeed, let us consider the epimorphism ψ :
is isomorphic to g ⊕ g via an isomorphismψ induced by ψ.
LetW be the image of
One can easily check that the correspondence W →W is bijective. This ends the proof.
Corollary 2.5. Let c 1 , c 2 be different and non-zero complex constants, and
Then r 0 (u, v) provides a Lie bialgebra structure on g [u] .
Proof. LetW 0 be the Lie subalgebra of g ⊕ g spanned by the pairs (e −α , 0), (0, e α ), (h α , −h α ), for all positive roots α. This is obviously a Lagrangian subalgebra of g ⊕ g complementary to the diagonal. Then the corresponding Lagrangian subalgebra W 0 of g((u)) is spanned by ψ −1 (e −α , 0),
Let us choose the following basis in
2 ). The corresponding dual elements in g [u] are respectively e α u k+1 , e −α u k+1 , h α u k+1 , e −α , e α , h α .
One can check by a straightforward computation that the r-matrix constructed from these dual bases is precisely r 0 (u, v).
Let us note that r 0 (u, v) can be rewritten in the following form:
where r ∈ g ⊗ g verifies: r + r 21 = Ω and CYB(r) = 0.
Proof. Since W is a Lagrangian subalgebra of g((u)) which is transversal to
, it is uniquely defined by a Lagrangian subalgebraW of g ⊕ g transversal to diag(g). On the other hand, Lagrangian subalgebras with this property are in a one-to-one correspondence with solutions of the modified classical Yang-Baxter equation, i.e., r + r 21 = Ω and CYB(r) = 0 (see [7, 9] ). If r(u, v) corresponds to W , then it is uniquely defined by a constant r-matrix and the non-constant part of r(u, v) is given by the same formula as r 0 (u, v). This ends the proof.
Consider the Lie algebra g+εg endowed with the following invariant form:
There exists a one-to-one correspondence between Lagrangian subalgebras W of g((u)), with respect to Q a(u) , which are transversal to g [[u] ] and satisfy W ⊆ g[u −1 ], and Lagrangian subalgebras in g + εg, with respect toQ ε , transversal to g.
Proof. Assume W is a Lagrangian subalgebra of g((u)) which is transversal to g[[u]] and such that
is therefore a subalgebra of the Lie algebra
On the other hand the Lie algebra
can be identified with g + εg. Indeed let ψ : g[u −1 ] −→ g + εg be given by ψ(x) = x, ψ(xu −1 ) = x(1 + ε), for all x ∈ g. Then ψ is an epimorphism whose kernel equals
The imageW of W in g+εg is obviously a Lagrangian subalgebra transversal to g (we also note that g[[u]] ∩ g[u −1 ] = g). One can check that the correspondence which associatesW to W is bijective.
Proof. TakeW 0 = εg with canonical basis εe α , εe −α , εh α , for all positive roots α. Let W 0 be the Lagrangian subalgebra of g((u)) which corresponds toW 0 . Then
is spanned by (u −1 −1)e α , (u −1 −1)e −α and (u −1 −1)h α . Therefore the Lie algebra W 0 is spanned by these elements together with
The basis in W 0 which is dual to the canonical basis in
α . An easy computation shows that the r-matrix constructed from the dual bases has the form r 0 (u, v).
Theorem 2.9. Let a(u) = 1/(1 − u) 2 and r(u, v) be an r-matrix which corresponds to a Lagrangian subalgebra W of g((u)), with respect to the
where r ∈ g ∧ g verifies the classical Yang-Baxter equation CYB(r) = 0.
, it is uniquely defined by a Lagrangian subalgebraW of g + εg transversal to g. On the other hand, Lagrangian subalgebrasW with this property are in a one-to-one correspondence with skew-symmetric solutions of the classical Yang-Baxter equation (see [9] ). 
Proof. Since W is Lagrangian and contained in
. On the other hand,
is isomorphic to g ⊕ g via a morphism ψ(x) = (x, x), ψ(xu −1 ) = (0, x), for all x ∈ g. The projection of W onto g⊕g becomes a Lagrangian subalgebra which is complementary to the diagonal.
where r DJ = 1 2 ( α>0 e α ∧ e −α + Ω). Then r 0 (u, v) provides a Lie bialgebra structure on g [u] .
Proof. LetW 0 be the Lie subalgebra of g ⊕ g spanned by the pairs (e −α , 0), (0, e α ), (h α , −h α ), for all positive roots α. Then the corresponding Lagrangian subalgebra W 0 of g((u)) is spanned by the elements ψ −1 (e −α , 0) =
The basis in W 0 which is dual to the canonical basis of g[u] is the following:
The corresponding r-matrix is r 0 (u, v).
Consequently, the following result holds:
Theorem 2.12. Let a(u) = 1/1 − u and r(u, v) be an r-matrix which corresponds to a Lagrangian subalgebra W of g((u)), with respect to the form
where r ∈ g ⊗ g verifies r + r 21 = Ω and CYB(r) = 0.
The case a(u) = 1 can be treated in a similar manner and the following results can be easily proved: Proposition 2.13. Let a(u) = 1. There exists a one-to-one correspondence between Lagrangian subalgebras W of g((u)), with respect to Q a(u) , which are transversal to g [[u] ] and satisfy W ⊆ g[u −1 ], and Lagrangian subalgebras in g + εg transversal to g. Theorem 2.14. Let a(u) = 1 and r(u, v) be an r-matrix which corresponds to a Lagrangian subalgebra W of g((u)), with respect to the form
Lie bialgebra structures on g[u] in Case II
We will analyse in more detail the case Dδ(g[[u]]) = g((u)) ⊕ g. We note that the double is endowed with the following nondegenerate bilinear form:
for all f 1 (u), f 2 (u) ∈ g((u)) and x 1 , x 2 ∈ g. According to [8] , the following statement holds: 
Then the corresponding r-matrix can be constructed by choosing dual bases in W and g [u] with respect to Q a(u) and projecting onto g[u,
), denote byσ(u) = σ(u) ⊕ σ(0), regarded as an automorphism of g((u)) ⊕ g. Then the following result holds (we omit the proof which is similar to that of Proposition 2.3): Proposition 3.3. Suppose that W is a bounded Lagrangian subalgebra of g((u)) ⊕ g, with respect to Q a(u) and transversal to g [[u] ]. Then there exists
From now on we will restrict ourselves to the case −α max , so that we will study Lagrangian subalgebras
. Let us recall that such subalgebras exist if only if 1/a(u) has degree at most 1. By a change of variable or rescaling the form Q, we have two situations: a(u) = 1/1 − u or a(u) = 1. 
Proof. We immediately note that
is a subalgebra
⊕ g, obviously identified with g ⊕ g. The conclusion follows by arguments similar to those in Section 2.
Consequently, one obtains the following result (whose proof we omit, being similar to those in Section 2): Theorem 3.5. Let a(u) = 1/1 − u and r(u, v) be an r-matrix which corresponds to a Lagrangian subalgebra W of g((u)) ⊕ g,with respect to the form
The remaining case a(u) = 1 can be treated analogously. Proof. We note that W must contain u −1 g[u −1 ] and
⊕ g, which is isomorphic to g ⊕ g. Conclusion follows easily.
Theorem 3.7. Let a(u) = 1 and r(u, v) be an r-matrix which corresponds to a Lagrangian subalgebra W of g((u)) ⊕ g,with respect to the form
where r ∈ g ⊗ g verifies r + r 21 = Ω and CYB(r) = 0. εg) . with the nondegenerate bilinear form on the double given by the formula y 3 ), for any f 1 (u), f 2 (u) ∈ g((u)) and x 2 , x 3 , y 2 , y 3 ∈ g.
According to [8] , the following result holds: 
, where α is either a simple root or −α max .
Such subalgebras exist only when α has coefficient one in the decomposition of α max or is −α max . Moreover a(u) should be a constant. Without loss of generality, one may assume that a(u) = 1. Consequently, we obtain the description of the corresponding r-matrices: Theorem 4.5. Let a(u) = 1 and r(u, v) be an r-matrix which corresponds to a Lagrangian subalgebra W of g((u)) ⊕ (g + εg), with respect to the form
where r ∈ g ∧ g verifies CYB(r) = 0.
Remark 4.6. r-matrices of the form
, are called quasi-rational and were studied in [11] .
Quasi-twist equivalence between Lie bialgebra structures
We first remind the reader the notion of twist equivalence between Lie bialgebra structures, according to [4] : Definition 5.1. Two Lie bialgebra structures δ 1 and δ 2 on a Lie algebra L are called twist-equivalent is there exists a Lie algebra isomorphism f :
Secondly, let us also recall the notion of quantum twisting for Hopf algebras (see [2] ). Let A := A(m, ∆, ǫ, S) be a Hopf algebra with multiplication m : A ⊗ A → A, coproduct ∆ : A → A ⊗ A, counit ǫ : A → C, and antipode S : A → A.
An invertible element F ∈ A ⊗ A,
is called a quantum twist if it satisfies the cocycle equation Regarding the quantization of twist-equivalent Lie bialgebra structures, the following result was proved by Halbout in [3] : Suppose δ 1 and δ 2 are twist-equivalent and let (A 1 , ∆ 1 ) be a quantization of (L, δ 1 ). Then there exists a quantization (A 2 , ∆ 2 ) of (L, δ 2 ) such that A 2 is obtained from A 1 via a quantum twist.
Remark 5.2. Let δ 1 and δ 2 be two Lie bialgebra structures on L. Assume that there exists an automorphism σ of L such that, for any a ∈ L, δ 2 (a) = (σ ⊗σ)(δ 1 (σ −1 (a))). Then σ is not necessarily extendable to an isomorphism σ : D c 1 q)(1 − c 2 q) · r c 1 ,c 2 (pu + q, pv + q).
We have obtained that the Lie bialgebra structures on g[u] corresponding to r c 1 ,c 2 and r d 1 ,d 2 are quasi-twist equivalent.
Concerning the quantization of the quasi-twist equivalent structures in the example above, the following conjecture was proposed by A. Stolin:
Conjecture. Quantizations of Lie bialgebra structures on g[u] defined by r c 1 ,c 2 (u, v) can be chosen isomorphic as quasi-Hopf algebras.
Here we recall that two Hopf algebras (A, ∆ 1 ) and (A, ∆ 2 ) are isomorphic as quasi-Hopf algebras if there is an invertible element F ∈ A ⊗ A and some A-invariant element Φ of A ⊗3 such that F 12 (∆⊗id)(F ) = F 23 (id⊗∆)(F )·Φ and ∆ 2 = F ∆ 1 F −1 .
